We investigate the quantum phase transitions in two capacitively coupled two-dimensional Josephsonjunction arrays with charge frustration. The system is mapped onto the Sϭ1 and Sϭ1/2 anisotropic Heisenberg antiferromagnets near the particle-hole symmetry line and near the maximal-frustration line, respectively, which are in turn argued to be effectively described by a single quantum phase model. Based on the resulting model, it is suggested that near the maximal-frustration line the system may undergo a quantum phase transition from the charge-density wave to the supersolid phase, which displays both diagonal and off-diagonal long-range order. ͓S0163-1829͑99͒03538-9͔
In recent years, various types of cotunneling transport have been of great interest in ultrasmall tunnel junctions, which exhibit strong Coulomb blockade effect. 1 In particular, cotunneling of the electron-hole pairs in two capacitively coupled one-dimensional ͑1D͒ arrays of small metallic junctions has been proposed theoretically 2 and demonstrated experimentally, 3 revealing the remarkable effects of the current mirror. More recently, in capacitively coupled 1D ͑Refs. 4 and 5͒ or two-dimensional 6 ͑2D͒ Josephson-junction arrays, the cotunneling of particle-hole pairs ͑with the particle and hole standing for the excess and deficit Cooper pair, respectively͒ has been proposed even to drive the quantum phase transition from superconductor to insulator ͑SI͒ at zero temperature. Here the particle-hole symmetry of the system may be broken by, e.g., the gate voltage applied between the array and the substrate. The resulting charge frustration is expected to affect the phase transition of the system in a crucial way. For example, when the particle-hole symmetry is broken maximally, the transport is governed by the cotunneling of the particle-void pairs ͑with the void denoting the absence of an excess or deficit Cooper pair͒ and the different nature of the associated phase transition has been pointed out in one dimension. 4 On the other hand, existing studies of coupled 2D arrays with charge frustration have concentrated upon the charge-vortex duality, 7 without appreciable attention to the phase transitions.
In this paper, we extend the previous work 6 on two capacitively coupled 2D arrays of ultrasmall Josephson junctions to investigate the charge-frustration effects on the quantum phase transitions. In a manner similar to that of Ref. 4, we map the system to the Sϭ1 anisotropic Heisenberg antiferromagnet near the particle-hole symmetry lines and to the Sϭ1/2 one near the maximal-frustration lines. It is then argued that the two spin models can in effect be incorporated into a single 2D quantum phase model with the effective self-capacitance given by the coupling capacitance of the original two-array system and the junction capacitance by the intra-array junction capacitance. The resulting model indicates that near the maximal frustration line the system may exhibit a quantum phase transition from the charge-density wave ͑CDW͒ to the super-solid ͑SS͒ phase. In the SS state, the system possesses both diagonal and off-diagonal longrange order ͑DLRO and ODLRO͒: Namely, both the density correlation of charges and the phase correlation of superconducting order parameters remain finite as the distance grows arbitrarily large.
4,8
The system of coupled 2D square arrays, shown schematically in Fig. 1 , is described by the Hamiltonian
where the number n l (r) of the Cooper pairs and the phase l (r) of the superconducting order parameter at site r on the lth array (lϭ1,2) are quantum-mechanically conjugate variables: ͓n l (r), l (rЈ)͔ϭi␦ ll Ј ␦ rr Ј . The Josephson coupling between neighboring sites r and rϩê ͑with ê being the unit vector in the direction ϭx,y) in each array is characterized by the coupling energy E J , whereas the external charge n g ϵC 0 V g /2e induced on each island by the applied gate voltage V g breaks the particle-hole symmetry of the system, introducing charge frustration. The two arrays are coupled through the capacitance C I between two grains at the same position r on the two arrays. ͑Note the difference from the Josephson coupled multilayered system, 9 where Cooper-pair tunneling between layers is allowed.͒ The capacitance matrix C characterizing the charging energy part H C of the Hamiltonian in Eq. ͑1͒ can be written in the block form:
where C(r,rЈ) is the usual intra-array capacitance matrix
C͑r,rЈ͒ϵC 0 ␦ rr Ј ϩC 1 ͚ ͓2␦ rr Ј Ϫ␦ r,r Ј ϩê Ϫ␦ r,r Ј Ϫê ͔, ͑3͒ with C 0 and C 1 being the self-capacitance and junction capacitance, respectively. Although it is not essential in the subsequent discussion as long as the interaction range is finite, we assume for simplicity that C 1 /C 0 Շ1, keeping only the on-site and the nearest-neighbor interactions between the charges. We also define charging energy scales E 0 ϵe 2 /2C 0 , E 1 ϵe 2 /2C 1 , and E I ϵe 2 /2C I , associated with the corresponding capacitances.
In the regime of concern in this paper, C I ӷC 0 (տC 1 ), i.e., E I ӶE 0 (ՇE 1 ), the charging energy part of the Hamiltonian in Eq. ͑1͒ can be written conveniently as the sum H C ϭH C ϩ ϩH C Ϫ with each component defined to be
where we have defined new charge variables n Ϯ (r)ϵn 1 (r) Ϯn 2 (r) and the interaction strengths are given by
This representation of the charging energy part H C allows us to distinguish clearly the two interesting regions from each other: near the particle-hole symmetry line n g ϭ0 and near the maximal-frustration line n g ϭ1/2, as one can see from the energy spectra of H C displayed in Figs. 2 and 3 for the two regimes, respectively ͑recall that U 0 ӷV 0 ). ͑Since the system is invariant with n g →n g ϩ1, we need to consider only the range 0рn g Ͻ1.) As pointed out for two coupled 1D arrays in Ref. 4, they follow the remarkable properties of the spectrum of H C in each regime: Near the maximal-frustration line, the charge configurations that do not satisfy the condition n ϩ (r)ϭ1 ͑for all r) have a huge excitation gap of the order of E 0 . ͑Note that we are interested in the parameter regime E I ,E J ӶE 0 .͒ Furthermore, the ground states of H C , separated from the excited states by the gap of the order of E I , have twofold degeneracy for each r, corresponding to n Ϫ (r)ϭϮ1. This degeneracy is lifted by the Josephson coupling term H J in Eq. ͑1͒ as E J is turned on. As a result, it is convenient in this case to work within the reduced Hilbert space E d , where n ϩ (r)ϭ1 and n Ϫ (r)ϭϮ1 for each r. Near the particle-hole symmetry line, on the other hand, the lowenergy charge configuration should satisfy the condition n ϩ (r)ϭ0 for all r. Unlike the former case, the ground state of H C is nondegenerate and forms a Mott insulator characterized by n 1 (r)ϭn 2 (r)ϭ0 for all r. As E J is turned on, the ground state of H C is mixed with the states with n Ϫ (r)ϭ Ϯ2. Accordingly, the relevant reduced Hilbert space is given by E s , where n ϩ (r)ϭ0 and n Ϫ (r)ϭ0,Ϯ2 for all r. Accordingly, it is instructive to project the Hamiltonian in Eq. ͑1͒ onto E s (E d ) for n g Ӷ1/4 ͑for ͉n g Ϫ1/2͉Ӷ1/4); this results in the effective Hamiltonian, up to the second order in E J /E 0 , where P is the projection operator. 10 Explicit implementation of the projection near the particle-hole symmetry line can be achieved by first noting the correspondence between the charge picture of the original model and the pseudospin (S ϭ1) picture in the reduced Hilbert space E s :
In particular, the spin-flip operators S ϩ and S Ϫ manifest the second-order cotunneling process of the particle-hole pairs via an intermediate virtual state, as depicted in Fig. 4͑a͒ , and mix the energy levels with unpaired particles or holes of energy U 0 and those with particle-hole pairs of energy 4V 0 ͑see Fig. 2͒ . It then follows that the effective Hamiltonian in Eq. ͑5͒ takes the form
which describes the spin-1 2D XXZ antiferromagnet. 11 Here the exchange interaction and the anisotropy ratio are given by
respectively, with the dimensionless coupling constant K ϵͱE J 2 /32E I E 0 . Near the maximal-frustration line, on the other hand, the effective Hamiltonian reduces to that for a spin-1/2 2D XXZ antiferromagnet
with the exchange interaction and the anisotropic ratio given by
respectively. In this case, the definitions of the pseudospin operators in terms of the phase and charge operators are also different slightly from those in Eq. ͑6͒:
Such spin-flip operators are associated with the cotunneling of the particle-void pairs as displayed in Fig. 4͑b͒ . In two dimensions, unlike the 1D case, neither of the two ͑spin-1 and spin-1/2͒ XXZ antiferromagnets described by Eqs. ͑7͒ and ͑9͒ allow exact solutions. The simple mean-field theory based on the Ginzburg-Landau approach 12 indicates that the spin-1 XXZ antiferromagnet may exhibit a zerotemperature phase transition from the XY-like phase to the spin-1 Ising-like phase at Kϳ1 or ␥ 1 ϳ1. In the charge picture, the XY-like phase corresponds to the superconducting ͑SC͒ state displaying ODLRO, while the spin-1 Ising-like phase characterized by S z (r)ϭ0 describes the Mott insulator ͑MI͒ state with DLRO. On the other hand, mean-field-like approaches 13 and numerical approaches 14 to the spin-1/2 XXZ antiferromagnet suggest a zero-temperature phase transition from the XY-like phase to the spin-1/2 Ising-like phase with staggered magnetization at KϳͱC 1 /2C I or ␥ 1/2 ϳ1, corresponding to the SC state and the CDW state, respectively.
Therefore, for the present, the projection of the Hamiltonian to get the effective spin model does not provide us with direct information about the phase transitions. Remarkably, however, the spin models, given by Eqs. ͑7͒ and ͑9͒ in the two regimes, can be obtained from a single 2D quantum phase model ͑QPM͒, via appropriate projections. This strongly indicates that both regimes can be described by the Hamiltonian for the QPM:
where the effective Josephson-coupling energy E J 2 /4E 0 is much reduced compared with the original intra-array value E J , and the effective capacitance matrix reads C͑r,rЈ͒ϵC I ␦ rr Ј ϩ C 1 2 ͚ ͓2␦ rr Ј Ϫ␦ r,r Ј ϩê Ϫ␦ r,r Ј Ϫê ͔.
͑13͒
Note that the self-capacitance is given by C I instead of the original value C 0 , while the junction capacitance is given by C 1 /2. The value of charge frustration ñ g is related to that (n g ) of the original model given by Eq. ͑1͒ in the following way: At the symmetry line (n g ϭ0) and the maximalfrustration line (n g ϭ1/2) of the original model, we have ñ g ϭn g . Near those lines, however, the value of ñ g is rather insensitive to that of n g : Namely, ñ g remains close to zero and to 1/2 in the rather large ranges around n g ϭ0 and 1/2, respectively, changing its value sharply near n g Ϸ1/4. Accordingly, the QPM in Eq. ͑12͒ is either near the symmetry line (ñ g Ϸ0) or near the maximal-frustration line (ñ g Ϸ1/2) except for the more or less narrow range around n g ϭ1/4.
The reduction of the above QPM to the spin-1 and the spin-1/2 XXZ models via appropriate projections can be recognized as follows: In the case ñ g Ϸ0, the charging energy reaches its minimum at n(r)ϭ0. This ground state becomes mixed with the states n(r)ϭϮ1, as the Josephson coupling is turned on. On the other hand, for ñ g Ϸ1/2, the minimum of the charging energy arises at n(r)ϭ0,1, yielding twofold degenerate ground states. These situations are essentially the same as those of the original model with charge frustration n g . We thus project the QPM onto the spaces Ẽ s ϵ͕n(r) ϭ0,Ϯ1͖ and Ẽ d ϵ͕n(r)ϭ0,1͖ with the psuedospin operators redefined as
in space Ẽ s and
in space Ẽ d ; these projections reproduce, in the zeroth order of E J /E I , both the spin-1 and the spin-1/2 XXZ models in Eqs. ͑7͒ and ͑9͒ for n g Ӷ1/4 and ͉n g Ϫ1/2͉Ӷ1/4, respectively.
As we proceed to higher orders, the projection of the single-layer QPM in Eq. ͑12͒ in general yields the coefficients of the nth-order terms (E 0 /E I ) (nϪ1) times larger than those in the projection of the original model in Eq. ͑1͒. In spite of such discrepancy in numerical coefficients, the two projections ͑of the original model and of the single-layer QPM͒ onto their own spin models should bring about quite similar structures. For example, mixing of the energy levels in E s with those satisfying n Ϫ (r)ϭϮ4,Ϯ6, . . . ͓but still keeping n ϩ (r)ϭ0] always occurs via the virtual states with energies of the order of E 0 . Consequently, at least in the two regimes of concern here, it is not irrelevant to consider the single-layer QPM in Eq. ͑12͒ as an effective model for the original system. Quite naturally, the deviation of the QPM in Eq. ͑12͒ from the original model increases with E J .
The 2D QPM has been studied extensively in recent years ͑see, e.g., Ref. 8͒. Remarkably, for ͉n g Ϫ1/2͉Ӷ1/4, it was suggested that there may exist an unusual SS phase with both the DLRO and ODLRO, i.e., the coexistence of the crystalline charge ordering together with superconductivity. The existence of the SS phase conflicts with the prediction of a direct transition from the CDW to the SC based on the spin-1/2 XXZ model in Eq. ͑9͒, but such conflict also appears when one simply truncates the effects of higher energy levels in the QPM. 8 These arguments finally yield the schematic phase diagram shown in Fig. 5 , where the thick solid lines represent the phase boundaries of the SI transitions, separating the SC from the MI ͑near the symmetry line͒ or from the CDW ͑near the maximal-frustration line depicted by the dashed-dotted line͒. Note that these boundaries ͑near the two lines͒ change rather gradually as n g is varied, which reflects that near the two lines the effective charge frustration ñ g in the QPM is insensitive to the original charge frustration n g . The dashed lines in Fig. 5 represent the somewhat speculative boundaries discussed above; here the region occupied by the SS phase might be small because in the QPM the selfcapacitance is much larger than the junction capacitance (C I ӷC 1 /2). 8 In conclusion, we have investigated the quantum phase transitions in two capacitively coupled two-dimensional Josephson-junction arrays with charge frustration. The system has been mapped into the Sϭ1 and the Sϭ1/2 anisotropic XXZ antiferromagnets near the particle-hole symmetry line and the maximal-frustration line, respectively. We have then argued that the two spin models in effect can be incorporated into a single quantum phase model. Based on the resulting model, it has been suggested that near the maximalfrustration line the system may exhibit a quantum phase transition from the charge-density wave to the supersolid phase, displaying both diagonal and off-diagonal long-range order. 
